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The problem of the motion, without slipping, of a dynamically symmetrical gyrostat on a fixed horizontal plane is investigated.
It is shown that Chaplygin’s equations express, in projections on the axes of a semimobile system of coordinates, the theorem
on the angular momentum of the gyrostat about the point of contact with the plane. All possible steady motions of a heavy
symmetrical gyrostat on an absolutely rough plane including the case when the nutation angle is equal to zero are investigated
using the generalized Routh theorem. The effect of the rotor on the stability of steady motions is also examined. The case when
the body of the gyroscope is a solid with a circular base, in particular, a disc with a rotor, is considered. It is shown that the
rotating rotor has a stabilizing influence on equilibrium of the gyrostat and a destabilizing influence on the rolling of the gyrostat
about a straight line, provided the axial angular momentum of the gyrostat is zero. © 2002 Elsevier Science Ltd. All rights reserved.

Chaplygin derived the equations of motion of a non-holonomic system in generalized coordinates for
systems called Chaplygin systems [1]. Later, by solving the problem of the motion without slipping of
a heavy symmetrical gyrostat — a solid of revolution with a rotor, he pointed out a numer of special
cases when the integration of a equations of motion is reduced to quadratures, and he made a number
of observations on the nature of the motion of a gyrostat under these conditions. Below we investigate
the stability of these steady motions.

In [2] the stability of the rolling of a disc with a rotor on an absolutely rough plane was investigated,
and the necessary and sufficient condition for the stability of the permanent rotations of the gyrostat
about the axis of symmetry was also obtained [3]. The necessary and sufficient condition for the stability
of the steady motions of a gyrostat, assuming that the angle of nutation is non-zero, was derived in [4].
When investigating the stability by the direct Lyapunov method, the representation of the unknown
first integrals in the form of hypergeometric series was essentially used.

The motion on an absolutely rough plane of a heady body, the mass distribution and surface shape
of which are arbitrary, was investigated in [6, 7], and also some special cases of bodies in [5, 8, 9]. The
stability of the steady motions around the vertical of a heavy gyrostat of arbitrary shape was investigated
in [10]. A theory of the motion of bodies, in particular, on an absolutely rough surface, was proposed
in [11]. The conditions for the stability of all steady motions of a solid of revolution, with the exception
of rotation around an axis of symmetry, were obtained in [12].

Below we extend the investigation of the dynamics of a system on an absolutely rough plane. An
extension of Routh’s theorem to investigate the stability of the steady motions of conservative non-
holonomic Chaplygin systems proposed in [13] enables us to investigate completely the stability of the
steady motions of a gyrostat and to generalize a number of results obtained earlier.

1. SOME GEOMETRICAL AND KINEMATIC FORMULAE

Consider the motion, without slipping, on a horizontal plane of a heavy rigid body, bounded by a convex
surface of revolution, where the axis of symmetry of the surface of the body coincides with its axis of
dynamic symmetry. We will connect to the body a rotor which rotates around the axis of symmetry of
the body. The rigid body, together with the rotor, form a gyrostat — a mechanical system with moving
parts, the distribution of the mass m of which remains unchanged [14].

Suppose O’xyz is a fixed right system of coordinates with origin O’ and with the x and y axes in the
reference plane and the z axis directed upwards; the system of axes GER{ is rigidly connected with the
gyrostat, its origin is at the centre of mass G of the gyrostat, the { axis is directed upwards with respect
to the axis of symmetry and the Ef axes are directed along the principal central axes of inertia of the
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Fig. 1

gyrostat; the system of coordinates Gx,y,z; has axes of unchanged direction, parallel to the corresponding
axes of the system of coordinates Oxyz (see the figure).

We will introduce a system of principal axes of inertia GEn half-connected with the gyrostat. The
1 axis always lies in the plane of the vertical meridian, passing through the point O of contact of the
body with the reference plane and the £ axis, and perpendicular to the latter, while the £ axis is orthogonal
to the n{ plane. Since the & axis is parallel to the nodal line, for the system GEn( the angle of natural
rotation is zero at each instant of time.

The position of the gyrostat in the O'xyz system is defined by the coordinates xg, yg of the centre of
mass, the Euler angles 9, y, ¢ of the body and the angle { of rotation of the rotor with respect to the
body. The nutation angle 9 is the angle betweedn the £ and z; axes. We will assume that 8, y, @ vary
within the following limits

0=s9=mn/2 O0sy<2n 0s@<2r

Suppose 4 and B = A are the moments of inertia of the gyrostat about the &, 1) axes and C and J are
the moments of inertia of the body and the rotor respectively about the  axis.

In the GEnC system the point O has coordinated 0, n, {. The variables n, { can be considered as unique
functions of the angle 8, defining the curve which bounds the meridian section [14, 11]. The distance
from the centre of mass to the plane and its derivative with respect to 8 have the form [14, 11]

h(9) = -nsin® -{cos ¥, A'(B)=-ncosB+{sind (1.1)
From (1.1) we have
N=-hsin®-h’cos®, {=—hcosd+h’sind 1.2)
Differentiating (1.2) with respect to 9, we obtain
W = —[A(D) + h"(D)]cos D, {’ =[h(D)+h"(D)]sinD (1.3)

Suppose p, g and r are the projections onto the &, 1, { axes of the vector w of the instantaneous angular
velocity of the body. The Euler kinematic equations have the form

p=1V, g=Vysin®, r=ycosO+¢ (1.4)
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The projections of the vector of the velocity of the centre of mass G of the body onto the axes of the
O’xyz system are found from the condition for the body to roll along the plane without slipping

ig = my B+ mp@+mpy, 9 =myd+myuG+myy
2 = ~(Mcos® - {sin B)d (1.5)
where
my, =~-siny(nsin9+{cos¥), my =cosy(nsind+{cos?)
my; =NCOSY, My =TNsiny (1.6)
my3 = cosy(ncos® —sin®), my, =siny(ncosd -LsinY)

The first two equations of (1.5) are non-integrable kinematic constraints, while the last one is a
consequence of the geometrical constraint z; = h(9). The equations of the non-holonomic constraints
can be represented in the form [13]

y =Mx 1.7
x={13'(paw}» y={szyG}; M="m,“~||, x=lo2; i=1.2,3

Here x are independent generalized velocities and y are dependent generalized velocities.
The projections of the absolute velocity of the point O onto the Gxy,z, axes have the form

%10 = NCOS YO — sin y(1)’ cos O - §’ sin 9)d
10 = NSINYP +cos W(n’ cos & - L’sin 9)9 (1.8)
210 = (Wsin® +{’ cos 8)0

We have following expressions for the kinetic energy and potential energy of the gyrostat
gy . : 1 | R
T=omlEs + 0% +(3]+ 14" +47)+ O+~ JB+r) (1.9)

V = mgh(9)
The projections of the velocity vector of the centre of mass G onto the axes of the GEn{ system have
the form

&G =N(Wcosd+@)-Lysin®, NG =L, {g=-nd

We will assume that the generalized forces acting on the rotor are equal to zero. From the equation
of motion of the rotor we have the first integral

§+r=0=const (1.10)

which expresses the fact that the projection onto the axis of rotation of the rotor and its instantaneous
absolute angular velocity of rotation are constant.

Obviously a heavy gyrostat on an absolutely rough horizontal plane is a non-holonomic Chaplygin
system, since T, V and the constraint factors m,;, are independent of the generalized coordinates
xg and yg [1.11].

2. THE EQUATIONS OF MOTION
We will take the equations of motion of the system in Chaplygin’s form [1]

dar, 3T, v 2 3 (omy Omy, ). | . .
E e ?:,@[z[ax aTj]"’]"O’ ol &D
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where
T, =-;-A,1§2 +%B,\ilzsin2 13+%C,(\ilcos13+¢)2 -
-E\ilsinﬁ(\itcosﬁ+¢)+%l(8+\jlcosﬁ+¢)2

A =A+mn*+{%), B =A+m{?

G =C+m?, E=mm{

22)

2.3)

Here T., ©, is the result of eliminating the quantities y, using relations (1.7) from T and 97/dy,

respectively.

Converting the last term on the left-hand side of the i-th equation of (2.1), these equations can be

rewritten in the form

d 0T, 0dT, dV 3 .
L9, S OY o, xx =0 i=1,273
dt ox; ox; Ox; j,hz=l i ’

where we have introduced the coefficients of the non-holonomicity terms [13]

2 am,"' amu] a@,‘ _
O = 2 [axj T, ]ai,, "

%=1

-0, W =0

which, for the problem considered, are
Oy =03 =0, @y =M, ©py; =-m(ncosd-Lsin )N’
W3, =-mm(n’cos ¥ -{’sin V)
;33 = -m(ncos ¥~ sin B)(’cos ¥ —{’sin V)

®y3 = mm(Msin ¥ +{cos V), )3 =Wy3 =0
Hence, the equations of motion of the gyrostat take the form
%[A,{?] —m(n’ + L)% + [C,(Wcos D+ @)+ JQ - By cos Oy sin® —
—~E[y?sin® 9 - cos B(\ cos B + ¢)] = —mgh’ (D)
-(%[B,\ilsin ® - E( cos ® + §)]+ Eysin 90 +

+ [B cos D — C,(Wcos ® + )~ JQ+ nm> (Y cos © + @]9 +
+ml’ (W cos B+ @) -y sind]9 =0

—;—I[C,(\itcosﬂ+¢)+JQ-E\jlsinﬂ] -[mn2\ilsim‘)+E\i/cosﬂ]1§—

—m'[N (¥ cos ® + @) - {ysin 8]0 =0

2.4)

(2.5)

When JQ = 0 Egs (2.5) take the form of the equations of motion without slipping of a heavy solid of

revolution on a fixed horizontal plane [14, 12].

Hence, Chaplygin’s equations (2.5) express, in projections onto the axis of a semimobile system of

coordinates, the theorem of the angular momentum of a gyrostat about a fixed point O.

3. ROUTH’S FUNCTION

It can be seen from the second expression of (1.9) and relations (2.2) and (2.4) that the kinetic energy
T., the potential energy V' and the non-zero coefficients w;;, are independent of the generalized

coordinates ¢ and v, i.e. the coordinates ¢ and y are pseudocyclic [13].
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We will change from generalized velocities to the momenta of pseudocyclic coordinates
p =0T, /10¢=Cir- Eq+JQ 3.1)
p2 =0T, /0y =[B,q - Er]sin O +[C,r — Eq + JQ]cos ¥
and we will introduce the analogue of Routh’s function
R=T,-V-p-py-JQb

Expressing the variables g and r from (3.1) in terms of p; and p, and neglecting the unimportant
additive constant, we obtain the following relation for Routh’s function

1, . i i
R=R,-W =5A,132 -5 - JQ)? =5 %P - P cos9)? -
~03(py — JQ)(p, - p; cos D) — mgh(D)

R, =—;—A,{‘)2, W= mgh(ﬁ)+%a,(p, ~-JQ)* +

1
+—=0,y(p, — p, cos 19)2 +03(p; — JQ)(p; — pycos D)

2
B] Cl E 2
o,=—, 0,y = , Oym———— A=BC ~-E
TAT TP Asin?d” T Asind ™
In the new variables, Eqs (2.4) take the form
ddR, OR, DW . _.
YUY S =I'd 3.2
oo o0 Do P )
Here
D d .rad Y2
— =+ —, =
D\S aﬁ ap 722
oW ow
Y =@y + @) =— +H(@y3 + O3 ) z—, 1=2,3
op, ap,

The equations of motion admit of the energy integral

T.+V =R, + W =const

and two first integrals of the form U (8, p) = ¢, explicit expressions for which are not known [13].

4. STEADY MOTIONS
System (3.2) has the steady solutions [13]
8=9y 9=0, p =8, pr=h 4.1
where the constants 8y, P; and P, satisfy the equation
DW/D8=0 4.2)
Hence, the steady motions form a two-parameter family, defined by the relation
mgh’(¥9)+B (P = JQ)(P, — P, cos Oy)-+ Po(P — Py cos By) (P, ~ B cos 9y) =0 4.3)

Ey q

=0 By=—T— Ay=(BC - E%),.
Agsin® B, P2 Agsing,” "o =BG o0y

By
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We will consider some special types of steady motions.
Permanent rotations around an axis of symmetry

V=0, =0, R=P=P (4.4)
(P+W=9o+Wo =1p)
These occur when
h'(0)=0

It follows from relations (1.5) and (1.8), when (4.4) holds, that the centre of mass G and the point
of contact O of the gyrostat are fixed in these motions, which represent rotation around a fixed vertical
axis of symmetry with an arbitrary constant angular velocity r.

Permanent rotations: the general case

9,20, 9=0, P,=PRcosd, +—?—sin Bo(A - JQ) 4.5)
2

(¢=0, yo#0)
Here
by = BYsin®y — Eycos 0, b, = C} cos By — Egsin Dy
where the constant P, satisfies the equation

sin ¥, ~JQ)? =0

AR - - 2% (g

mgh’(99)+
2

which, after changing to the generalized velocity s, is converted to the form
mgh’(ﬁo) = A(ﬂo) - JQ\;’O sin 130
A@) =[(B - C®)sin® cos By + Eg(sin® 0 — cos® 9¢)W3

The direction cosines of kinematically possible axes of permanent rotations of the gyrostat must satisfy
this equation. When there is no rotor we have

mgh’(94) = A(9g)

However, the only axes which are dynamically permissible will be those whose direction cosines satisfy
the inequality

(JQ)? sin® By + 4A(3y)mgh’ (V) = 0 (4.6)
If there is no rotor, the inequality reduces to the form
A(Dg)mgh’(04) = 0 (4.7

Inequalities (4.6) and (4.7) show that the rotating rotor connected to the body widens the set of
dynamically permissible axes of permanent rotations.

Solution (4.5) corresponds to the steady motion of a rigid body in which the body rests on horizontal
plane at one point of its surface and rotates with angular velocity y, around the vertical / passing through
this point. The centre of gravity G of the gyrostat then describes a circle in the plane z = A(8;), parallel
to the reference plane, with centre on the axis / and radius

PG =1vg /1o l=Ingcos By - Lo sin By |

Rectilinear rolling
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: Ey .
ﬁ0¢0, ﬂ=0, P2=Plcosﬁ0——c‘_0'slnﬂo(})]—.lg)
1

(V=0, @#0) (4.8)
where P; satisfies the equation
’ . E() E0 . .
mgh’(84)+ (R, — JQ)[R sin By + Fcosﬂo(ﬂ -JiB, -B, Fsm Vg |sindy =0
I !

Substituting the expression Py = C ¢ + JQ into this equation we obtain
h'(94)=0 4.9

It follows from (1.5), (1.8) and (4.8) that steady motions of the gyrostat for which the point O describes
a straight line while the constant angular velocity ¢, of the rolling is arbitrary correspond to relations
(4.8).

Motion of the regular precession type

8, #0, 9=0, p=PB, p,=P (4.10)
(@=9o#0, ¥=y,20)

The constants 8y, P; and P, satisfy Eq. (4.3).

In this motion the gyrostat rotates with constant angular velocity ¢, around its own axis of rotation
€, and v, about the vertical. In this case the centre of mass G of the gyrostat describes a circle of radius
pg in a plane parallel to the reference plane, while the point of contact O of the body with the plane
describes a circle of radius po, where

_|vg!_[ng®o + (Mg cos By - L sin l"0)\i’o|
Pc =[-"17 :
Vo Vo
v .
Po =2 = qu(Po
Vo VYo

If we digress from the motion of the point of contact O about the reference plane and concentrate
out attention only on the orientation of the system &n{ with respect to the fixed system, the motion
reduces solely to regular precession about a vertical axis [14].

5. THE STABILITY OF THE STEADY MOTIONS

As we know [13, pp. 100, 101 and 129], the steady motion (4.1) is stable if all the eigenvalues of the
matrix

C=1ID*W/ Do

are positive at the point (9, pg), and unstable if the determinant of the matrix C is less than zero at
the point (8, py).

In the case considered, the sufficient condition for the steady motions of the gyrostat to be stable
reduces to the inequality

D'W _ 3 DW .r 3 DW

>0

D8  9d DY op D®

The steady motions are unstable if this inequality strictly breaks down.
We will obtain the necessary and sufficient condition for the steady motions of the gyrostat to be
stable for any angle 8y # 0
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Ligi + Lygory + Lyrg + L JQqq + LJQry + %(1&’2)2 +mgh”(8y)>0 (5.1)
0

where

0

L, =3Eyctg®, + 2B ctg? 8¢ + mmj +— ﬁ'
sin” U

C = ’
+ Z—B ctg Bomolno + 8ol
0
L= ——.—-——XC—mC(;Cb[C." - B) ctg? 1-‘>o]—2CA—C'015?ctg B, + Cetg 9y
0

Ly= —-[C‘J —molo ctg o) (-2)

0
Ly =-2ctgd, —%Bctg B — CZ§° [no +&5)
0 0

=G4 i - ity
0

§=A—mC0‘£'(—"32)—

E=C—mm, h(8¢)

, 53
cos ¥, sin ¥ (53)

When JQ = 0 inequality (5.1) is the sufficient condition for the steady motions (4.1) of the solid of
revolution to be stable, assuming that 8y # 0 [12].
Consider steady motion of the form

9,20, 9=0, ¢ =0, r#0 (5.4)

This motion is possible if condition (4.9) is satisfied.
We obtain the sufficient condition for steady motions (4.3) to be stable from inequality (5.1)

2
D = L + L9, + COI? + mgh"(96)A0) >0 55)
0

where we can write the coefficients L 3 [~,5 in the form

= C1C° + mm? ctg? B4 ) C° + mh(d )°°s Yo ¢
1 0 0 0 130 0

L= CPC+aC) - mboby cig 9]

Note that in the case considered the curvature k of the curve bounding the meridian section at the
point of contact of the body with the plane is positive. Since [15]

k(8q) =—1/[A(0y) + h"(By)]
from the inequality k(®;) > 0 we obtain the condition
h"(Dp) < — h(Dp) < 0 (5.6)

Assertion. 1. If L3 > 0, h”(8,), steady motion (5.4) is stable when ry € (—e0, 791) U (g2, +o°) and unstable
whenr, e (ro1, ro2)-

2.1f Ly < 0 and the quantity Q e (o, —VK.JJ) U (VK.JJ, +00), steady motion (5.4) is stable when
ro € (ro1, roz) and unstable when ry e (—eo, rgy) U (rgp, +0). If Q € [—\/E)/'J VK./J, steady motion (5.4)
is unstable for any value of 7.

Bearing in the mind the inequality
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Ay = AC+Ammj +Cm3 >0 5.7

we will investigate the sign of the quadratic function on the left-hand side of inequality (5.5), for various
values of the constants Q and ry. The discriminant of this quadratic function is

d=[L2 - 4L,CN)(JQ)? - 4L,mgh” (D)
It can be shown that
I~ 4L, = m*[CPph(99) + CLoly cos B, )? Isin® By =2 =0
where the equality holds if
C6 = "Clnoh(ﬁo)/(CCO COS ﬂo) (5.8)

Suppose case 1 occurs. then the discriminant d of the quadratic function D*W/D®? s positive for any
value of the absolute instantaneous angular velocity Q of rotation of the rotor. In this case real different
(roh2 = (-LsJQFVd)/2L; exist such that when ry € (=, rg;) U (rgp, +0) the steady motion (5.4) is
stable.

Note that the discriminant d takes the minimum value when Q = 0, i.e. when the rotor does not rotate
or is not present, or if equality (5.8) holds. In this case

(o2 = Fy-mgh”(Dg)Ao / L,

If case 2 occurs, then 2”(8y) < 0. The discriminant 4 can then take positive values only if

Qe (oo, —JK, INYUWK, 1], +50)
K. =4Lmgh"(0o)0g /%%, %% 20

In this case the leading coefficient L; of the quadratic function is negative and the discriminant d is
positive. Consequently, inequality (5.5) holds when ry & (rgy, 7). For relatively small values of the angular
velocity Q of rotation of the rotor

Qel-JK, 14, JK. 1] (9

or, when equality (5.8) is satisfied, the discriminant d takes negative values or is equal to zero, and
consequently, the quadratic function is negative for any rp. This means that steady motion (5.4) is
unstable. The section (5.9) includes the zero value of Q, which occurs when the rotor does not rotate
or is not present. the instability in this case was pointed out earlier [12].

We will now consider steady motions of the form

B %0, 9=0, go#0, r#0 (5.10)
We will write the sufficient condition for stability in the form

D'W _ . , 2 ”
> = Ry + Fqot + Ligg + mgh”(99)> 0

2
Q
F= L5+LSJQ+C' 12(0), F=ly+LJ—
0

o
If the inequalities
1 2
E >0, FRL —ZFz >0

are satisfied and 4”(8y)> 0, steady motion (5.10) is stable. If 1”(8,) < 0, stability and instability domains
may exist.



750 T. V. Rudenko

We will now consider special cases of the steady motion of the gyrostat distinguished above.
Permanent rotation around an axis of symmetry. We put p; = p, = P in the expression for DW/D%
[16]. Then

Q P%sin®
DW mgh' () + EP(P J! )+ )
Dﬁ A l+cos® A (l+cosﬁ)

Differentiating this expression, assuming Q = 0 and using the equation P = Cry + JQ, we obtain the
necessary and sufficient condition for stability

(Cry + JQJ? +2(Cry + JQImA(0)[A(0) + h"(0)]ry +4[A + mh*(0)Imgh”(0) > 0

Permanent rotations: the general case. The necessary and sufficient condition for the stability of
permanent rotations can be written in the form

AL”_““"‘Z’ + LI, + COJQ) +mgh”(39)Ag}> 0 (5.11)
0

L, = L, sin 8 + L, sin Oy cos By + Ly cos® By
L, = Lysin 9 + Ls cos O

We will investigate the quadratic trinomial on the left-hand side of inequality (5.11). We will write
its discriminant in the form

d = a,(JQ)* - 4mgh”(9y)AL;, a, =L -4LC?

Bearing inequalities (5.6) and (5.7) in mind, we have the following possible cases. If the parameters of
the system are such that L; > 0 and a. > 0, then for any value of Q real different Wor, Voo, (\Ifo)l 2 = (-LJQ*
\/c—i)/ZLI) exist such that permanent rotations of the gyrostat are stable when Wo € (=, Vo) U (Wop, +o0)
and unstable when Vs, € (Woy, Wop). The instability domain is narrower, the smaller the value of Q.

If the inequalities L; > 0, a. < 0 hold, then when

Q< QF=4|LImg|h"()|Ag M a | )
permanent rotations are stable when g € (—°, Vo) U (Yo, +0). If
Q> qQ?

permanent rotations are stable for any value of y,. This means that, by increasing the absolute
instantaneous angular velocity Q of rotation of the rotor, it is possible to stabilize the permanent rotations
of the gyrostat.

When the inequalities L, < 0, a. > 0 hold, then, if

Q’>Q?
permanent rotations are stable when vy € (Yo, Woo)- If
Q?<Q?
permanent rotations are unstable for any value of . In this case, when the modulus of the angular

velocity Q increases the domain of stability of permanent rotations is widened.
Suppose, finally, that L, < 0, a. > 0; then permanent rotations are unstable for any values of Q

and v,

Rectilinear rolling. The necessary and sufficient condition for stability has the form

C(C +mn} +mfr|0§0) LCt mm3 JQ]>0

mgh’l(ﬂo)+ [é(Po + JQ][ AO AO
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This condition, apart from the notation and taking into account corrected misprints, is identical with
the result obtained earlier in [4]. The assertion formulated above holds for this motion.

Motion of the regular-precession type. The necessary and sufficient condition for stability of this motion
is given by inequality (5.1).

6. A GYROSTAT WITH A CIRCULAR BASE

Suppose the body of the gyrostat is a symmetrical body whose base is a circular disc with a sharp edge,
and the plane of the base is perpendicular to the axis of symmetry of the body. Also suppose contact
between the gyrostat and the reference plane only occurs at points of the disc contour. Then [14]

N =-r=const, £ =—~a=const (6.1)
Formulae (1.1) and (1.2) give
h=rsin®+acos®, h'=rcos®-asin?d (6.2)
The moments of inertia became constant quantities
Al=A+m(r2+a2), B =A+ma’, C =C+mr’, E=mra
The equation for steady motions takes the form
[B, ctg B, + Elqd - [(C, + Ectg Oy)ry + JQ)gy — mg(rcos 8y —asinVy)=0

The necessary and sufficient condition for the stability of steady motion (4.1) is obtained from
inequality (5.1)

ng + iqqoro + LZ— 2+ LyJQq, + -Z—S JQr + -C'l;—'(JQ)2 +mgh”(%4)>0

where the coefficients I; are obtained from L, taking Egs (6.1) into account

L, =3Ectg®y + 2B, ctg? 0g +mr’ + _l:' +£E-l§ctgﬁo
sin“t%, A

E__,CG

~L Betg ¥, + Cetg
sinzx‘)o A &Y 8%

Ly=CCC,, L,=-2c1gd, -%Bmgﬁo —%E

Ls=(C+C)C

We will consider the rectilinear rolling of such a gyrostat along a plane [14] in more details. We obtain
from condition (4.9) and the second equation of (6.2)

a=rctg (6.3)

Substituting this relation into the second equation of (5.3) we obtain that C = C; + ma®. Then the
necessary and sufficient condition for the stability of rectilinear rolling is expressed by the inequality

., L. C "
L g2+ L 10y + S Q)2 + mgh”(99)> 0 (6.4)
A A A

The coefficients L3 > 0, Ls > 0.

Note that
h"(9y) = ~rsin ¥y —acos By = ~h(V,) <0

Consequently, the discriminant of the quadratic function on the left-hand side of inequality (6.4) is
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d =[Cim(r? +a)P(JQ)? - 4L,mgh”(95)A >0

for any value of Q. Here, the greater the value of Q, the greater the value of the discriminant. Hence,
the rolling of a heavy gyrostat with a circular base along a plane is stable if the angular velocity of the
rolling lies in the range

®p € (—2,99) U (@gp,+o°)
(Do) 2 = (~LsJQFVd) /(2L5)

and is unstable if Wy € (Wo1, Wgy). The region of instability domain is narrower, the smaller the value

of Q.
The necessary and sufficient condition for the stability of a body with a circular base rolling along a
plane (when there is not rotor) [14, p. 204] has the form

L

A @5 +mgh”(94)>0

The limit of the stability domain in this case is given by the equation

(@o)i2 = Fymg | K" (Do) | A/ Ly

Hence, the stability domain is widened if the body of the gyrostat and the rotor rotate in the same
direction, and is narrowed if the rotations of the body and the rotor occur in opposite directions.

7. A DISC WITH A ROTOR

A special case of a gyrostat with a circular base is a heavy uniform circular disc of mass m and radius
r. We will direct the  axis to be orthogonal to the plane of the disc. Suppose a rotor, whose axis is
perpendicular to the plane of the disc, is connected to the disc without friction. The centre of mass G
of the whole system, generally speaking, does not lie in the plane of the disc. In the general case, the
results obtained in Section 6 will hold for this gyrostat.

Suppose the following condition [1] holds

Cyro+JQ=0 (7.1)

The equation which 8 and g, must satisfy in this case has the form
(B, ctg ¥y + Elgs + C£ JQg, ctg By ~mg(rcos ¥y —asinVy) =0
[

The necessary and sufficient condition for the stability of steady motions of the gyrostat, with condition
(7.1), has the form
D'W _ 45 20p_ 7
537 = A 1Bee By (3Actg 9y + C,E)+ BA+mr’(A - BEctg9y)]+

+%q°[52 ctg ¥, +-g—A(2clg B +1)—mri(B, + E)ctgﬂo]—
I

2
E:; (JQ)? ctg By —mg(rsin¥y +acosy)>0
1

Suppose, when condition (7.1) is satisfied, the gyrostat rolls along a straight line. We obtain

2.4
mr 2 2
=8 T T (JQ)ctg? 9, <0 .
sin 9, C,A( )" etg” Do (72)
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i.e. the rolling of the gyrostat along a straight line, with condition (7.1), is unstable.

We will investigate the stability of the equilibrium of the gyrostat, which is possible if 2" = 0, i.e. the
plane of the disc is inclined to the reference plane at an angle 8, = arcctg (a/r). Then, bearing the
relations a = r ctg 9 in mind, we obtain the necessary and sufficient condition for the stability of the
equilibrium of the gyrostat

oL L (7.3)
sindy C\J
If the centre of mass of the disc-rotor system lies in the plane of the disc and coincides with its
geometric centre, we have

n=-r, =0 (7.4)

Then the steady motion of the gyrostat will be uniform rolling along the straight line for which the
plane of the disc is vertical, or equilibrium of the gyrostat, which is possible when %, = n/2. Uniform
spinning of the gyrostat around the vertically situated diameter of the disc is only possible if JQ = 0,
i.e. when there is no rotor.

The necessary and sufficient condition for the stability of uniform rolling of such a gyrostat has the
form [2]

[CPg + Q) +mri[CP, + JQIP, — Amgr>0

The conditions for the stability of rolling and spinning respectively for a disc without a rotor are defined
by the equations [17, 18, 13]

C[C+mr2]¢(2)-Amgr>0, [A+mr2]¢(2,—-mgr>0
The necessary and sufficient condition for equilibrium of the gyrostat (7.4) has the form
D*W/D®* = —Amgr+(JQ)* >0 (7.5)
If the rotor does not rotate or is not present, we have
D*W/D9* = -mgr<0 (7.6)

i.e. the equilibrium position is unstable.

Hence, it follows from inequalities (7.3), (7.5) and (7.6) that a rotating rotor stabilizes the equilibrium
of the gyrostat.

For rolling of the gyrostat (7.4) along a straight line in the case of condition (7.1) we obtain

D*W/D9* =-mgr<0
i.e. we have instability.
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